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§ Let X be an oriented smooth closed real 4-manifold. E.g. S4, Σg ˆ Σh,

CP2#CP2, Complex surfaces, Algebraic surfaces e.g. degree d hypersurfaces

in CP3,....

§ Intersection form Q : H2pX ,Zq ˆ H2pX ,Zq Ñ Z is an important topological

invariant. Q is symmetric and unimodular (Poincaré duality).

§ Q extends to a non-degenerate symmetric bilinear from on H2pX ,Rq of rank

b2pX q “ b`pX q ` b´pX q, where b˘pX q :“ # of ˘ eigenvalues of Q.

Signature of X : σpX q “ b`pX q ´ b´pX q.

§ There is a classification for unimodular lattices by means of the rank,

signature, the parity of Q, and (in)definiteness, etc.

For indefinite lattices the classification is complete: m1‘ np´1q (Odd) or

mH ‘ nE8 (Even).

For definite lattices it is more involved; finitely many types in each rank but

only known up to some ranks.

e.g. The case d “ 4 above is an example of a K3 surface (compact, simply

connected complex surface with zero 1st Chern class). In this case

Q “ 3H ‘ 2p´E8q.
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§ (Milnor) The oriented homotopy type of a simply connected, compact,

oriented 4-manifold is determined by the type of Q.

§ (Freedman) Up to homeomorphism, there is a unique simply connected,

compact, oriented 4-manifold with each even type of Q, and exactly two for

each odd type. (ñ 4-dimensional topological Poincaré conjecture by taking

the lattice to be 0.)

§ Motivation of Donaldson invariants: Classification of smooth 4-manifolds up to

diffeomorphism. In dimension 4 one can have infinitely many diffeomorphism

structures on a fixed homeomorphism type.

§ (Donaldson) The only negative definite forms realized by smooth, simply

connected, closed, oriented 4-manifolds are np´1q.

§ (Donaldson) If Q “ mH ‘ np´E8q is realized by a smooth, simply

connected, closed, oriented 4-manifold and n ą 0 then we must have m ě 3.

E.g. for the K3 surface Q “ 3H ‘ 2p´E8q.

§ (Donaldson) For any simply connected complex surface S with b`pSq ą 3

there exists an oriented smooth closed 4-manifold homotopy equivalent to S

but not diffeomorphic to any complex surface.

§ (Quote from Mareño’s notes) The correlation function of the observables of

twisted N “ 2 Yang-Mills theory is precisely the corresponding Donaldson

invariant.
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§ Let G be a Lie group with the Lie algebra g. In this talk G “ SUp2q or

G “ SOp3q.

§ If P Ñ X is a principal G -bundle and ρ : G Ñ GLpV q is a representation one

can associate a vector bundle E :“ P ˆG V Ñ X with fiber V . For example,

the adjoint bundle adP Ñ X is the bundle associated to the adjoint

representation ρ : G Ñ GLpgq.

§ Three equivalent ways of thinking of a connection on P :

1) A 1-form A on P with values in g, i.e. A P Ω1pP , gq, which is invariant

under the action of G on P and the adjoint action of G on g, and restricts to

the canonical right invariant from on each fiber of P .

2) A choice of a field of G -invariant horizontal subspaces HA Ă TP that are

transversal to the fibers of P : TP “ HA ‘ TP{X .

3) As a covariant derivative ∇A : Ω0pX ,E q Ñ Ω1pX ,E q.

(satisfying the Leibniz rule: ∇Apf σq “ df b σ ` f∇Apσq for any section

σ P Ω0pX ,E q and function f P Ω0pX q.)
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§ The difference of two connections ∇A ´∇A1 is a tensor i.e. an element of

Ω1pX , adPq by viewing the adjoint bundle adP as a subbundle of EndE .

Conversely, ∇A ` a is again a connection for any a P Ω1pX , adPq , where

Ω1pX , adPq acts via the contraction

Ω0
pX ,E q ˆ Ω1

pX ,EndE q Ñ Ω1
pX ,E q.

This shows that A, the space of all connections on P , is an infinite

dimensional affine space modeled on Ω1pX , adPq.

§ Curvature of a connection: FA :“ ∇A ˝∇A P Ω2pX , adPq.

§ Gauge group: G :“ AutE . It is an infinite dimensional Lie group with the Lie

algebra Ω0pX , adPq.

G acts on A by the rule

@u P G, σ P Ω0
pX ,E q ∇upAqσ “ u∇Apu

´1σq.
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§ Now suppose X is equipped with a Riemannian metric g and a volume form ω.

This gives a Hodge operator ‹ : H2pX ,Rq Ñ H2pX ,Rq characterized by

α ^ ‹β “ gpα, βqω.

§ It satisfies ‹2 “ 1, so the only possible eigenvalues are ˘1, and in fact

b˘pX q “ # of ˘1-eigenvalues. The eigenvectors of 1 are called SD forms, and

the eigenvectors of -1 are called ASD forms.

§ The splitting Ω2pX q into Ω2,˘pX q naturally extends to the splitting of

Ω2pX , adPq into Ω2,˘pX , adPq. So FA “ F`A ` F´A .

ASD connection: A connection A is called ASD if F`A “ 0.

§ Importance: When G “ SUp2q and c2pE q ą 0 ASD connections minimize the

Yangs-Mills functional SYM “
ş

X |FA|
2 “

ş

X |F
´
A |

2 `
ş

X |F
`
A |

2.

This is because on the Lie algebra of skew adjoint trace free matrices

Trpξ2q “ ´|ξ|2, and so 8π2c2pE q “
ş

X TrpF 2
Aq “

ş

X |F
´
A |

2 ´
ş

X |F
`
A |

2 is a

lower bound of SYM and it is achieved if and only if A is ASD.
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§ Let E be either a complex rank 2 SUp2q-bundle or a real rank 3 SOp3q-bundle.

In the former case E is classified by its second Chern class c2pE q and in the

latter case by its first Pontriagin class p1pE q and the second Stiefel-Whitney

class w2pE q. We will concentrate on the former case.

Let c1 :“ c1pE q and c2 :“ c2pE q P H
4pX ,Zq – Z.

§ Let A˚ Ă A be the subspace of irreducible connections, i.e. there are no

decompositions E “ L1 ‘ L2 and ∇A “ ∇A1 ‘∇A2; let

Ngpc1, c2q :“ tA P A˚
| A is ASDu{G.

§ Theorem: If g is generic Ngpc1, c2q is a smooth oriented manifold of

dimension d “ 8c2 ´ 2c1 ´ 3p1´ b1pX q ` b`pX qq.
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§ Let X be a projective algebraic surface with an ample divisor H , Fubini-Study

metric g , and Kähler form ω. Then

Λ`pX q “ Re
`

Λ2,0
pX q ‘ Λ0,2

pX q
˘

‘ Rω, Λ´pX q “ ωK Ă Λ1,1
pX q.

§ In this case ∇A “ BA ` BA according to Ω1pX ,E q “ Ω1,0pX ,E q ‘ Ω0,1pX ,E q

and

A is ASD ô (1) B
2
A “ 0, (2) B2A “ 0, FA ^ ω “ 0.

§ (Donaldson) (1) defines a holomorphic structure on E , and (2) says that E

is µ-stable with respect to H i.e.

for any sub-line-bundle F Ă E H ¨ c1pF q ă
H ¨c1
2 .

§ Let ML
Hpc2q be the moduli space of rank 2 µ-stable holomorphic bundles with

fixed determinant L such that c1pLq “ c1 and fixed second Chern class c2. The

(expected) real dimension of ML
Hpc2q is

2pχh
pOX q ´ χ

h
pE qq “ 8c2 ´ 2c21 ´ 6p1´ h0,1pX q ` h0,2pX qq “ d ,

by noting that b1pX q “ 2h0,1pX q and b`pX q “ 2h0,2pX q ` 1.

§ (Donaldson) There exists a homeomorphism Φ: Ngpc1, c2q Ñ ML
Hpc2q.
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§ To define Donaldson invariants as intersection numbers on Ngpc1, c2q it needs

to be compactified.

§ (Uhlenbeck compactification) It is given by taking a closure of Ngpc1, c2q inside
ž

ně0

Ngpc1, c2 ´ nq ˆ Symn
pX q.

§ If X is a projective algebraic surface as before, there is a compactification of

ML
Hpc2q by taking the closure inside the moduli space of rank 2 Gieseker

semi-stable sheaves with determinant L and fixed c2.

§ (Li, Morgan) There exists a morphism Φ: ML
Hpc2q Ñ Ngpc1, c2q extending

Donaldson’s homeomorphism Φ. Moreover, Φ˚rML
Hpc2qs “ rNgpc1, c2qs.
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§ For simplicity, assume X is simply connected and also there are a universal

bundle E over X ˆ Ngpc1, c2q and a universal connection D : Ω0pEq Ñ Ω1pEq.
Define

µ : H˚pX q Ñ H˚pNgpc1, c2qq µpαq :“
1

4

`

c2pEq ´ c21pEq
˘

{α.

§ Let α1, . . . , αl P H2pX q and p P H0pX q be the class of a point. Define the

Donaldson invariant by

@

α1, . . . , αl , p
m
Dc1,g

d
:“

ż

rNg pc1,c2qs

µpα1q Y ¨ ¨ ¨ Y µpαlq Y µppq
m.

This is nonzero only if 2l ` 4m “ d (dimension of Ngpc1, c2q).

§ If b`pX q ą 1, Donaldson invariants are independent of the choice of the

generic metric, and so they are really the invariants of the differentiable

structure of X .

§ If b`pX q “ 1, the invariants depend only on a system of walls and chambers in

H2pX ,Rq` :“ tα P H2pX ,Rq | α2 ą 0u.

Göttsche-Yoshioka-Nakajima proved wall-crossing formulas involving

modular forms.

§ If X is a projective algebraic surface as before, one can define Donaldson

invariants algebraically by replacing E with the universal sheaf over

X ˆML
Hpc2q. Using the map Φ above one can see that the two types of

invariants coincide.
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§ If b`pX q ą 1, Donaldson invariants are independent of the choice of the

generic metric, and so they are really the invariants of the differentiable

structure of X .

§ If b`pX q “ 1, the invariants depend only on a system of walls and chambers in

H2pX ,Rq` :“ tα P H2pX ,Rq | α2 ą 0u.

Göttsche-Yoshioka-Nakajima proved wall-crossing formulas involving

modular forms.

§ If X is a projective algebraic surface as before, one can define Donaldson

invariants algebraically by replacing E with the universal sheaf over

X ˆML
Hpc2q. Using the map Φ above one can see that the two types of

invariants coincide.
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§ For simplicity, we assume b`pX q ą 1 and so we can drop the metric g from

the notation.

§ Let S˚pX q “ SympH2pX q ‘ H0pX qq. It is graded by assigning degree 2 (resp.

degree 4) to the elements of H2pX q (resp.H0pX q). Then Donaldson invariants

define a map
@

´
Dc1

d
: SdpX q Ñ Q. One can then define

DX ,c1 :“
ÿ

dě0

@

´
Dc1

d
: S˚pX q Ñ Q.

§ X is called of simple type if DX ,c1pαpp
2´ 4qq “ 0 for any c1 and α P S˚pX q. It

is known that K3 surfaces and complete intersections are of simple type.

§ For a P H2pX q and α P S˚pX q and a variable z write

DX ,c1pαe
az
q :“

ÿ

ně0

DX ,c1pαa
n
qzn{n!.

§ (Kronheimer-Mrowka) If X is of simple type there exit so called basic

classes K1, . . . ,Kl P H
2pX ,Zq and rational numbers q1pc1q, . . . , qlpc1q P Q

such that for all a P H2pX q

DX ,c1pp1` p{2qeazq “ ea
2z2{2

l
ÿ

i“1

qipc1qe
xKi ,ayz .

§ (Example X “ K3) The only basic class is K1 “ 0 and for all a P H2pX ,Zq

DK3,c1pp1` p{2qeazq “
p´1qc

2
1{2

2
ea

2z2{2.
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§ Witten in 1994 showed that the problem of classification of 4-manifolds up to

diffeomorphism can be done by means of a set of simpler equations:

Seiberg-Witten equations.

§ He also showed by physical arguments that the Seiberg-Witten invariants

contain all the information of Donaldson invariants and provide the missing

ingredients i.e. the basic classes Ki and the coefficients qipc1q in KM structure

theorem.

§ (Mariño notes) The correlation functions of N “ 2 Yang-Mills theory coupled

to hypermultiplets coincides with SW invariants.

§ We saw that Donaldson invariants of X are independent of metric when

b`pX q ą 1 and depend mildly on metric when b`pX q “ 1. The same is true

for SW invariants as we will see. This is a feature of the Witten type TFT’s

(compared to Scwharz type) that there is an explicit metric dependence in

defining the theory but the correlation functions happen not to depend (or

depend mildly) on the metric.
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§ As before, let X be an oriented smooth closed real 4-manifold with a

Riemannian metric g .

§ Given a principal SOpnq-bundle P Ñ X ,

D lift of the structure to the double cover Spinpnq Ñ SOpnq ô w2pPq “ 0.

If w2pTX q “ 0 we say that X is a spinable manifold.

§ If te1, e2, e3, e4u is the standard basis of R4 then ClpR4q is an R-algebra

generated by ei ’s subject to the relations e2i “ ´1 and eiej “ ´ejei for i ‰ j .

Its vector space dimension is 16 (R-basis: tei1 ¨ ¨ ¨ eitui1ă¨¨¨ăit). The parity of t

defines a Z2-grading ClpR4q “ Cl0pR4q ‘ Cl1pR4q. There is an identification of

algebras Cl0pR4q – H‘H. The group Spinp4q is identified with the subgroup

of Clˆ0 pR4q generated by v P R4 with |v | “ 1.

§ There is a natural linear isomorphism

Λ˚R4
Ñ ClpR4

q ei1 ^ ¨ ¨ ¨ ^ eit ÞÑ ei1 ¨ ¨ ¨ eit .

Let w :“ ´e1e2e3e4; it satisfies w 2 “ 1. Let pClpR4q b Cq˘ be the

˘1-eigenspaces of the left multiplication by w on ClpR4q b C. Under the

isomorphism above pCl0pR4q b Cq` corresponds to

Cp
1` w

2
q ‘ pΛ2,`R4

q b C.
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§ If X is a spinable manifold let rP Ñ X be a corresponding double cover of the

frame bundle of TX . There exists an associated complex spinor bundle

S :“ rP ˆSpinp4q ∆CpR4
q,

where ∆CpR4q is the unique (up to isomorphism) complex representation of

the Clifford algebra ClpR4q (using the identification ClpR4q b C – M2pCq).

§ w -action decomposes ∆CpR4q into ∆˘
CpR4q and we have

pCl0pR4
q b Cq˘ – Endp∆˘

CpR
4
qq.

In the ` case the identity endomorphism corresponds to 1`w
2 .

§ The decomposition of ∆CpR4q “ ∆`
CpR4q ‘∆´

CpR4q induces the

decomposition of the spinor bundle

S “ S` ‘ S´

into the so called ˘-chirality spinors. The SUp2q-bundles S˘ can be

alternatively obtained via the identification Spinp4q – SUp2q ˆ SUp2q (induced

by Cl0pR4q – H‘H).
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§ It turns out there are no obstructions for constructing a spinc structure on X ,

i.e. a lift of the structure of TX to the double cover Spincp4q Ñ SOp4q ˆUp1q.

Spincp4q is the subgroup of pCl0pR4q bCqˆ generated by Spinp4q and the unit

circle in C.

§ The projection Spincp4q Ñ Up1q determines a complex line bundle L, such

that c1pLq ”2 w2pX q. It is called the determinant of the spinc-structure. One

can similarly define the spinor bundle

SL :“ rP ˆSpincp4q ∆CpR4
q,

and its decomposition SL “ S`L ‘ S´L . We have the identifications L – det S˘L .

§ There is a bijection between the spinc structures on X and the elements of

H2pX ,Zq. Varying a given spinc structure by a class α P H2pX ,Zq amounts to

replacing SL by SLbL2α – SL b Lα, where Lα is the complex line bundle with

c1pLαq “ α.

§ When X has an almost complex structure compatible with the Riemannian

metric then there is a canonical choice of spinc structure given by L “ K´1X ,

the inverse of the canonical bundle of p0, 2q-forms. In this case,

S`
K´1
X

– ‘1
i“0T

0,2i
X and S´

K´1
X

– T 0,1
X .
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§ Fix a Levi-Civitá connection ω on the frame bundle P of TX . Let rP Ñ X be

the principal bundle corresponding to a spinc structure on X with determinant

L.

§ Since Spincp4q Ñ SOp4q is not a finite cover the Levi-Civitá connection above

does not automatically lift to a connection on rP . Another piece of information

needed is a Up1q-connection A on L.

§ ω and A determine a connection on the principal SOp4q ˆ Up1q-bundle
rP{t˘1u, and there is unique lift of this connection to its double cover rP .

§ Let r∇ : Ω0pX , SLq Ñ Ω1pX , SLq be the induced covariant derivative on the

spinor bundle.
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Poincaré invariants
Relation to Donaldson theory
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Poincaré invariants
Relation to Donaldson theory

§ Let ClpX q :“ P ˆSOp4q ClpR4q be the associated bundle of Clifford algebras.

Since X is Riemannian there is a canonical identification TX – T ˚X . Thus,

ClpX q can be viewed as a new algebra structure on Λ˚T ˚X in addition to its own

exterior algebra structure.

§ There is also a natural action of the Clifford bundle ClpX q on the spinor bundle

SL.

§ Define the Dirac operator

BA : Ω0
pX , SLq Ñ Ω0

pX , SLq BApσqpxq “
n
ÿ

i“1

ei ¨ r∇eipσqpxq,

where te1, . . . , enu is an oriented orthonormal frame for TX ,x and ¨ is the

Clifford multiplication. This definition is independent of the choice of

te1, . . . , enu.

§ If X is a Kähler manifold, there is a unique hermitian connection A on K´1X

and Dirac operator simplifies to

BA : ‘1
i“0 Ω0,2i

pX ,Cq Ñ Ω0,1
pX ,Cq

BApσqpxq “
?

2
`

Bpσqpxq ` B
˚
pσqpxq

˘

.
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§ Fix a spinc-structure rP for the frame bundle P of the tangent bundle TX .

Suppose its determinant is L.

§ The SW equations are for a spinor field ψ P Ω0pX , S`L q and a Up1q-connection

A on L:
#

F`A “ ψ b ψ˚ ´ |ψ|2

2 Id,

BApψq “ 0.

Here, ψ b ψ˚ is a section of

S`L b pS
`
L q
˚
– End S`L – pCl0pPq b Cq` – C

`1` w

2
q ‘ Λ2,`

pTX q b C,

where 1`w
2 acts as the identity. The right hand side of the first equation is

traceless and hence is identified with a section of Λ2,`pTX q b C. Finally,

identifying TX – T ˚X by using the metric, one can think of the right hand side

as a self-dual 2-form.
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§ As in Donaldson theory we have an action of the gauge group AutprPq on the

space of pairs pA, ψq appear in SW equations.

§ Take the quotient space BprPq of the space of irreducible pairs i.e. those

pA, ψq with ψ ‰ 0.

§ (Theorem) BprPq is a Hilbert manifold, and it is homotopy equivalent to

CP8 ˆ K pH1pX ,Zq, 1q. There is a universal S1-bundle over BprPq
corresponding to the CP8-factor. Let µ P H2pBprPq,Zq be its first Chern class.

§ In Donaldson theory one uses the metric as a parameter and shows that for a

generic metric the ASD moduli space is smooth. In SW theory one instead

perturbs the curvature equation by adding a self-dual 2-form h to the right

hand side of the first equation. Let MpP , hq be the quotient space of the

solution pairs pA, ψq to the perturbed equations by the action of the gauge

group.

§ (Main theorem) Suppose b`pX q ą 0. For a generic h, the perturbed moduli

space MpP , hq forms a smooth compact submanifold of BprPq of dimension

c1pLq2 ´ 2χpX q ´ 3σpX q

4
,

where χpX q is the Euler characteristic, and σpX q “ b`pX q ´ b´pX q is the

signature of X .
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§ Suppose b`pX q ą 1. Choose orientations for H1pX ,Rq and H2
`pX ,Rq.

§ For a generic h these orientations provides MpP , hq with an orientation. If

d “ dimMpP , hq, define

SWprPq :“

#

ş

MpP ,hq µ
d{2 d P 2Z,

0 d R 2Z.

This is independent of the choices of h and the Riemannian metric g .

§ Let SpincpX q be the set of isomorphism classes of spinc structures rP Ñ X .

We get SW invariants

SW : SpincpX q Ñ Z.
It is nonzero only for a finitely many elements of SpincpX q (basic classes).

§ (Involution) rP is a double cover of PSOpnq ˆX PS1. Let P˚
S1 be the dual

(conjugate) bundle of PS1. The pullback of rP via

pId, ιq : PSOpnq ˆX P˚S1 Ñ PSOpnq ˆX PS1

induces a spinc-structure denoted by ´rP . There is a natural homeomorphism

MprP , hq ÑMp´rP ,´hq and moreover,

SWp´rPq “ p´1q
1`b`pX q´b1pX q

2 SWprPq.
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Poincaré invariants
Relation to Donaldson theory

§ Suppose b`pX q “ 1. SWgp
rPq is defined as in the previous case. The only

difference is that, as in Donaldson theory, there is a dependence on the choice

of the metric.

§ Suppose that H1pX ,Zq “ 0 and c1pLq ‰ 0. For any metric g there is a

unique g -self dual harmonic 2-form ω`pgq lying in the positive component of

H2pX ,Rq`. Let R˘ be the space of Riemannian metrics g on X such that

ω`pgq ¨ c1pLq ą 0 or ă 0.

§ SWgp
rPq is constant on R˘, so we can simply write SW˘p

rPq. Moreover, if

d P 2Z
SW`p

rPq ´ SW´p
rPq “ p´1q1`d{2.
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§ Suppose pX , ωq is a Kähler surface with Kähler metric.

Let rPJ be the spinc structure with the determinant K´1X . As we have seen,

S`
K´1
X

– ‘
1
i“0T

0,2i
X , S´

K´1
X

– T 0,1
X

and
?

2pB ` B
˚
q : Ω0pX ,Cq ‘ Ω0,2pX ,Cq Ñ Ω0,1pX ,Cq.

§ Any other spinc structure rP differs from this by tensoring with a Up1q-bundle

L0, with the new determinant bundle L “ K´1X b L2
0 and the spinors bundles

S`L – S`
K´1
X

b L0, S´L – S´
K´1
X

b L0.

A unitary connection A0 on L0 and the natural holomorphic hermitian

connection on K´1X determines a connection A on L and then coupling
?

2pB ` B
˚
q with ∇A0 gives
?

2pBA0 ` BA0

˚
q : Ω0

pX ,L0q ‘ Ω0,2
pX ,L0q Ñ Ω0,1

pX ,L0q.

§ Let ψ “ pα, βq P Ω0pX ,L0q ‘ Ω0,2pX ,L0q SW equation can be written as
$

’

’

&

’

’

%

pF`A q
1,1 “ i

4p|α|
2 ´ |β|2qω,

F 0,2
A “

αβ
2 ,?

2pBA0pαq ` BA0

˚
pβqq “ 0.

§ For any solution pA, ψq, A induces a holomorphic structure on L and hence on

L0, with respect to which α is a holomorphic section of L0 and β is a

holomorphic section of KX b L´10 . If degL “
ş

X c1pLq ^ ω ď 0 (resp. ě 0)

β “ 0 (resp. α “ 0). In particular, if degL “ 0 then any solution consists of

an ASD connection A on L.

Amin Gholampour Introduction to Donaldson and Seiberg-Witten invariants



Outline
Donaldson theory

Seiberg-Witten theory
Wall-crossing in Donaldson theory

Motivation
Spin structures
Spinc structures
Spinc connection
Dirac operator
Seiberg-Witten equations
SW moduli space
SW invariants (b`

2 ą 1)
SW invariants (b`

2 “ 1)
Kähler surfaces
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§ If degKX ă 0 then only solutions to SW equations are reducible. If

degKX ą 0 then SWprPK´1
X
q “ 1.
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SWprPK´1
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q “ 1.

§ If X is minimal algebraic surface of general type, then for any Kähler metric
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,

0 otherwise.

§ If X is minimal Kähler surface which is elliptic and KX is not a torsion class.

Then
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X
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X
q “ p´1q1´h

0,1pX q`h0,2pX q.

Furthermore, if SWprPq ‰ 0 then the image of c1pLq in H2pX ,Qq is a rational

multiple between ´1 and 1 of the image of KX .
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§ Suppose that X is a projective surface and β P H2pX ,Zq. Define HβpX q to be

the moduli space of pairs pL, sq of a nonzero holomorphic line bundle and a

holomorphic section such that c1pLq “ β. Equivalently, HβpX q is

Grothendieck’s Hilbert scheme of divisors D Ă X in class β, and so is a

projective scheme.

§ (Dürr-Kabanov-Okonek) There is a virtual fundamental class

rHβpX qs
vir
P AvdpHβpX qq, vd :“ βpβ ´ KX q{2.

Note that for the spinc structure rP with c1pLq “ 2β ´ KX we have

dimMprP , hq “ c1pLq2´2χpX q´3σpX q
4 “ 2 vd using the identity

K 2
X “ 2χpX q ` 3σpX q.

§ For β P H2pX ,Zq let β_ :“ KX ´ β (this plays the role of involution in SW

theory). Let

ρ : HβpX q Ñ PicβpX q, ρ_ : Hβ_pX q Ñ PicβpX q

be defined by ρpL, sq “ L and ρ_pL, sq “ L_ b KX .

§ Let D Ă X ˆ HβpX q and D_ Ă X ˆ Hβ_pX q be the universal divisors. Define

µ :“ c1pOpDqq{rX s P H2
pHβpX qq, µ_ :“ c1pOpDqq{rX s P H2

pHβ_pX qq.

§ Poincaré invariants: pI , I_q : H2pX ,Zq Ñ Λ˚H1pX ,Zq ˆ Λ˚H1pX ,Zq defined

by

I pβq :“ ρ˚
`

ÿ

i

µi X rHβpX qs
vir
˘

,

I_pβq :“ p´1q1´h
0,1`h0,2`vdρ_˚

`

ÿ

i

p´µ_qi X rHβ_pX qs
vir
˘

.

These are both zero if β is not a type p1, 1q class.

§ Theorem: If b`pX q ą 1 then I pβq “ I_pβq “ SWprPq.

If b`pX q “ 1 then I pβq “ SW`p
rPq and I_pβq “ SW´p

rPq.

Here, SW invariants are defined with respect to the canonical orientation data

and rP is the spinc structure with determinant 2β ´ KX i.e. defers from the

canonical spinc structure rPK´1
X

by a Up1q-bundle in class β.
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§ Poincaré invariants: pI , I_q : H2pX ,Zq Ñ Λ˚H1pX ,Zq ˆ Λ˚H1pX ,Zq defined

by

I pβq :“ ρ˚
`

ÿ

i

µi X rHβpX qs
vir
˘

,

I_pβq :“ p´1q1´h
0,1`h0,2`vdρ_˚

`

ÿ

i

p´µ_qi X rHβ_pX qs
vir
˘

.

These are both zero if β is not a type p1, 1q class.

§ Theorem: If b`pX q ą 1 then I pβq “ I_pβq “ SWprPq.

If b`pX q “ 1 then I pβq “ SW`p
rPq and I_pβq “ SW´p

rPq.

Here, SW invariants are defined with respect to the canonical orientation data

and rP is the spinc structure with determinant 2β ´ KX i.e. defers from the

canonical spinc structure rPK´1
X

by a Up1q-bundle in class β.

Amin Gholampour Introduction to Donaldson and Seiberg-Witten invariants



Outline
Donaldson theory

Seiberg-Witten theory
Wall-crossing in Donaldson theory

Motivation
Spin structures
Spinc structures
Spinc connection
Dirac operator
Seiberg-Witten equations
SW moduli space
SW invariants (b`

2 ą 1)
SW invariants (b`

2 “ 1)
Kähler surfaces
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§ Let X be a smooth closed oriented 4-manifold with b1pX q “ 0 and b`pX q ě 3

and odd. Let β P H2pX ,Zq and α P H2pX ,Qq and p P H0pX q be the class of

a point.

§ (Witten) DX ,βpp1` p{2qeαzq “

2
7χpX q`11σpX q`8

4 p´1q
χpX q`σpX q

4 eα
2z2{2

ÿ

s

SWpsqp´1qβpβ`c1psqq{2exc1psq,αyz ,

where the sum is over all the spinc structures and c1psq is the first Chern of

the determinant line bundle of s.

§ Comparing with KM structure theorem, we find that the basic classes in

Donaldson theory must be c1psq which are the basic classes in SW theory, and

also the rational coefficients in KM formula are determined by Witten’s

formula above.

§ Witten’s argument is based on “ SW’s ansatz of N “ 2 SUSY gauge theory”

that is controlled by a family of elliptic curve (called SW curves). This

approach has not been made into a mathematical proof yet. SW curves also

appear in Fintushel-Stern blow up formulas in Donaldson theory.

§ Another approach uses the moduli space of SOp3q-monopoles (higher rank

analog of Up1q-monopoles in SW theory) by Pidstrigach-Tyurin and

Feehan-Leness, which in series of papers proves Witten’s formula under certain

conditions on X , e.g. when 7χpX q ` 11σpX q ě 12. The idea is to construct a

cobordism between links of the compact moduli spaces of Up1q monopoles of

Seiberg-Witten type and the Donaldson moduli space of ASD connections,

which appear as singularities in the larger moduli space of SOp3q-monopoles.
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ÿ

s

SWpsqp´1qβpβ`c1psqq{2exc1psq,αyz ,

where the sum is over all the spinc structures and c1psq is the first Chern of

the determinant line bundle of s.

§ Comparing with KM structure theorem, we find that the basic classes in

Donaldson theory must be c1psq which are the basic classes in SW theory, and

also the rational coefficients in KM formula are determined by Witten’s

formula above.

§ Witten’s argument is based on “ SW’s ansatz of N “ 2 SUSY gauge theory”

that is controlled by a family of elliptic curve (called SW curves). This

approach has not been made into a mathematical proof yet. SW curves also

appear in Fintushel-Stern blow up formulas in Donaldson theory.

§ Another approach uses the moduli space of SOp3q-monopoles (higher rank

analog of Up1q-monopoles in SW theory) by Pidstrigach-Tyurin and

Feehan-Leness, which in series of papers proves Witten’s formula under certain

conditions on X , e.g. when 7χpX q ` 11σpX q ě 12. The idea is to construct a

cobordism between links of the compact moduli spaces of Up1q monopoles of

Seiberg-Witten type and the Donaldson moduli space of ASD connections,

which appear as singularities in the larger moduli space of SOp3q-monopoles.
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§ (Mochizuki) In case X is a projective complex surface

DX ,βpα
kplq “

ÿ

s

fk ,lpχ
h
pX q,K 2

X , s, β, αq SWpsq,

where fk ,lp´q’s are (non-explicit) universal polynomials. This formula is

obtained by the sheaf theoretic approach to Donaldson theory. A master

moduli space is constructed equipped with a C˚-action whose fixed locus is a

union of moduli space of rank 2 semistable sheaves and products of

Seiberg-Witten moduli space and Hilbert schemes of points on X . Mochizuki’s

formula is then an application of the (virtual) Atiyah-Bott localization formula.

§ (Göttsche-Yoshioka-Nakajima) gave an interpretation of fk ,lp´q’s in terms

of the invariants of Nekarsov’s framed moduli spaces of torsion free sheaves on

P2, which are “deformed partition function for the N = 2 SUSY gauge theory

with a single fundamental matter”. These are in turn shown to be given by

certain period integrals over Seiberg-Witten curves, which can be written as

the residue of some differential forms. A subtle analysis of these around the

poles leads to a proof of Witten’s formula for projective surfaces. This

approach is very similar to their approach to the wall-crossing problem

discussed in the next Section.
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§ Recall Donaldson invariants are defined by the moduli space of ASD

connections on a principal SUp2q- or SOp3q-bundle on a closed oriented

smooth 4-manifold X . ASD requirement depends on the choice of a

Riemannian metric g . For generic g there are no reducible ASD connections

and the moduli spaces are smooth manifolds.

§ In the case b`pX q ą 1, two generic metrics can be connected by a path and as

a result Donaldson invariants are independent of the choice of g , and hence

they are indeed the invariants of the differential structures.

§ In the case b`pX q “ 1, non-generic metrics form a real codimension 1 subset

in the space of Riemannian metrics, called the walls, and so two generic

metrics cannot be connected by a path in general. In this case there is a

chamber structure on the period domain C, which is a connected component

of the positive cone in H2pX ,Rq. Donaldson invariants remain constant only

when the period ωpgq` stays in a chamber.

§ The wall-crossing terms are the differences of Donaldson invariants when the

metric moves to another chamber by passing through a wall.

Kotschick-Morgan conjectured a polynomiality property for the

wall-crossing terms.

§ Moore-Witten derived a wall-crossing formula based on Seiberg-Witten

ansatz of the N “ 2 supersymmetric Yang-Mills theory on R4. Modular forms

appear in their wall-crossing terms due to the family of elliptic curves

parameterized by the u-plane. This argument has not be mathematically

justified yet. We will discuss another approach introduced by Nekrasov.
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§ Suppose b`pX q “ 1. Any 0 ‰ ξ P H2pX ,Zq determines a wall

W ξ :“ tx P C | x ¨ ξ “ 0u.

For c1 P H
2pX ,Zq and d P Z if ξ ` c1 is divisible by 2 in H2pX ,Zq and also

d ` 3` ξ2 ě 0 then W ξ is called a wall of type pc1, dq. If only the first

condition is satisfied W ξ is called a wall of type c1.

The chambers of pc1, dq are the connected components of the complement of

all the walls of type pc1, dq in C. The Donaldson invariant Dg
c1,d
pαn, pbq only

depends on the chamber of ωpgq`.

§ If C˘ are two chambers of type pc1, dq and g˘ are Riemannian metrics with

ωpg˘q
` P C˘ then

Dg`
c1,d
pαn, pbq ´ Dg´

c1,d
pαn, pbq “

ÿ

ξ

∆ξ,dpα
n, pbq,

where the sum is over all ξ of type pc1, dq satisfying ξ ¨ C` ą 0 ą ξ ¨ C´.

Note: No dependence of the right hand side on c1. This is part of KM

conjecture.

§ Kotschick-Morgan conjectured that the wall-crossing terms ∆ξ,dp´,´q are

polynomials in
@

ξ,´
D

and Qp´,´q with coefficients depending only on ξ2

and the homotopy type of X .

§ From now on we assume X is a smooth projective surface and H is an ample

divisor on X . The cohomology class of H is represented by ωpgq` when g is

the Fubini-Study metric associated to H .

As we have seen, the Donaldson invariant DH
c1,d
pαn, pbq can be computed by

the moduli space MHpc1, dq of rank 2 semistable torsion free sheaves E with

c1pE q “ c1 and 4c2pE q ´ c1pE q
2 ´ 3 “ d .
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W ξ :“ tx P C | x ¨ ξ “ 0u.

For c1 P H
2pX ,Zq and d P Z if ξ ` c1 is divisible by 2 in H2pX ,Zq and also
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condition is satisfied W ξ is called a wall of type c1.

The chambers of pc1, dq are the connected components of the complement of

all the walls of type pc1, dq in C. The Donaldson invariant Dg
c1,d
pαn, pbq only

depends on the chamber of ωpgq`.

§ If C˘ are two chambers of type pc1, dq and g˘ are Riemannian metrics with

ωpg˘q
` P C˘ then

Dg`
c1,d
pαn, pbq ´ Dg´

c1,d
pαn, pbq “

ÿ

ξ

∆ξ,dpα
n, pbq,

where the sum is over all ξ of type pc1, dq satisfying ξ ¨ C` ą 0 ą ξ ¨ C´.
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@
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D
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the Fubini-Study metric associated to H .
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c1,d
pαn, pbq can be computed by
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§ Let ` Ă P2 be the line at infinity, and for any integer n let Mpnq be the moduli

space of pairs pE , φq, where E is a rank 2 torsion free sheaf on P2 with

c2pE q “ n, which is a vector bundle in a neighborhood of `, and φ : E |` Ñ O2
`

is an isomorphism.

§ Mpnq, known as a moduli space of instantons, is a nonsingular quasi-projective

variety of dimension 4n.

§ Let Γ “ C˚2 and rT “ Γˆ C˚. Mpnq is naturally equipped with a rT -action in

which the action of pt1, t2q P Γ is induced by its action on P2 and that of

e P C˚ (the last factor) is induced by its diagonal action

ˆ

e 0

0 e´1

˙

on O2
` .

§ The fixed point set Mpnq
rT is the set of pE , φq “ pIZ1, φ1q ‘ pIZ2, φ2q, where IZi

are Γ-fixed ideals of points (0-dimensional subschemes) in C2 “ P2z` such that

lenpZ1q ` lenpZ2q “ n, and φi is an isomorphism IZi |` with i -th factor of O2
` .

e.g. n “ 7, IZ1 “ px
2, xy , y 2q and IZ2 “ px

2, y 2q.

§ There is a bijection between Mpnq
rT and the set of pairs of Young diagrams

~Y “ pY1,Y2q such that that |Y1| ` |Y2| “ n.
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§ Notation. For α, β P t0, 1u denote the rT -character (resp. equivariant Euler

class) of Ext1pIZα, IZβp´`qq by N
~Y
α,βpt1, t2, eq (resp. n

~Y
α,βps1, s2, aq). Here,

pt1, t2, eq “ pe
s1, es2, eaq.

E.g. If N
~Y
α,βpt1, t2, eq “ t21t2e

´1 ´ t´32 then n
~Y
α,βps1, s2, aq “

2s1 ` s2 ´ a

´3s2
.

§ The instanton part of Nekrasov partition function is defined as

Z inst
ps1, s2, a,Λq :“

ÿ

ně0

Λ4n

ż

Mpnq

1 “
ÿ

~Y

Λ4| ~Y |

ś2
α,β“1 n

~Y
α,βps1, s2, aq

P Qps1, s2, aqrrΛss.

§ For variables ~τ :“ pτρqρě1 a more general version of the partition function

Z instps1, s2, a,Λ, ~τq is defined by introducing some extra insertions

E
~Y ps1, s2, a, ~τq in the definition above. In particular,

Z inst
ps1, s2, a,Λ,~0q “ Z inst

ps1, s2, a,Λq.

§ As a power series in Λ, Z inst starts with 1. Define

F inst
ps1, s2, a,Λ, ~τq :“ log Z inst

ps1, s2, a,Λ, ~τq.
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§ Notation. Define cn by
1

pes1t ´ 1qpes2t ´ 1q
“

ÿ

ně0

cn
n!
tn´2 and

γs1,s2px ,Λq :“
1

s1s2

`

´
1

2
x2 logpx{Λq `

3

4
x2
˘

`
s1 ` s2
2s1s2

`

´ x logpx{Λq ` x
˘

´
s21 ` s22 ` 3s1s2

12s1s2
logpx{Λq `

8
ÿ

n“3

cnx
2´n

npn ´ 1qpn ´ 2q
.

§ The perturbation part of Nekrasov partition function is defined as (the

exponential of)

F pert
ps1, s2, a,Λq :“ ´γs1,s2p2a,Λq ´ γs1,s2p´2a,Λq.

F pert is a Laurent series in s1, s2 whose coefficients are multi-valued

meromorphic functions in a, Λ.

§ Define F ps1, s2, a,Λ, ~τq :“ F pertps1, s2, a,Λq ` F instps1, s2, a,Λ, ~τq.
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§ Define a family of elliptic curves Cu : y 2 “ pz2 ´ uq2 ´ 4Λ4 parameterized by

u P C, called the u-plane. The parameter Λ is called the renormalization scale.

When Λ “ 0 the theory goes to the classical limit. Cu is singular for u “ ˘2Λ2.

§ The Seiberg-Witten differential form is a meromorphic differential on Cu given

by

dS :“
2z2pu ´ z2q

πy
dz .

§ For suitable cycles A,B on Cu let a :“
ş

A dS and aD :“ 2πi
ş

B dS . The period

of Cu is τ :“
1

2πi

BaD

Ba
. Here, u and aD are considered as functions of a and Λ.

§ The SW prepotential F0 is a locally defined function on the u-plane satisfying

aD “ ´
BF0

Ba
. After a suitable choice of branch of log it can be viewed as a

holomorphic function of a,Λ on some domain.

§ Nekrasov conjecture: s1s2F ps1, s2, a,Λq is regular at s1 “ 0 “ s2 and moreover

s1s2F ps1, s2, a,Λq|s1“0“s2 “ F0pa,Λq.

This is known to be a natural relation from a physical point of view and is

similar to the mirror symmetry in which Nakrasov’s partition function is a

counterpart of GW invariants on the symplectic side and the SW prepotential

is on the complex side. This conjecture is proven by Nakajima-Yoshioka,

Nekrasov-Okounkov, and Braverman-Etingof by different methods.

§ The idea of the first proof is to consider a similar partition functions (with

insertions) via the framed moduli spaces of rank 2 torsion free sheaves on the

blow up of P2, and prove a blow up formula relating it to Nekarsov’s partition

function. For some choices of insertions the partition functions of the blowup

are shown to vanish. These give a differential equation satisfied by Nekrasov’s

partition function, which turns out to essentially be the same differential

equation satisfied by SW prepotential.
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is on the complex side. This conjecture is proven by Nakajima-Yoshioka,

Nekrasov-Okounkov, and Braverman-Etingof by different methods.

§ The idea of the first proof is to consider a similar partition functions (with

insertions) via the framed moduli spaces of rank 2 torsion free sheaves on the

blow up of P2, and prove a blow up formula relating it to Nekarsov’s partition

function. For some choices of insertions the partition functions of the blowup

are shown to vanish. These give a differential equation satisfied by Nekrasov’s

partition function, which turns out to essentially be the same differential

equation satisfied by SW prepotential.
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§ For n ě 0 let X rns denote the Hilbert scheme of n points on X . (0-dimensional

subschemes Z Ă X such that lenpZ q “ n).

§ X rns is a 2n-dimensional nonsingular variety, and

TX rns,Z – HompIZ ,OZq – Ext1pOZ ,OZq.

§ (Ellingsrud-Göttsche-Lehn) For any partition λ of 2n there is a universal

polynomial Pλ P Qrz1, z2s such that cλpX
rnsq “ Pλpc1pX q, c2pX qq for every

smooth projective surface X .

The proof of this is based on an induction scheme technique that expresses

certain intersection numbers over X rns in terms of some intersection numbers

over X rn´1s ˆ X .

§ The cobordism class of a stably complex manifold is completely determined by

the collection of its Chern numbers. As a corollary of the above reuslt, the

class of X rns in Ω, the complex cobordism ring with rational coefficients,

depends only on the class rX s P Ω2.

§ Milnor showed that Ω is a polynomial ring freely generated by the cobordism

classes rPis P Ωi for i P N.

§ Application: The formula

χ´y
`

8
ÿ

n“0

rX rnsszn
˘

“ exp
`

8
ÿ

m“1

χ´ympX q

1´ pyzqm
zm

m

˘

(and similarly for the Poincaré polynomials) can be proven by noting that both

sides are multiplicative in rX s and hence reducing the proof to the cases

X “ P2 and P1 ˆ P1, and then applying toric techniques.
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(and similarly for the Poincaré polynomials) can be proven by noting that both

sides are multiplicative in rX s and hence reducing the proof to the cases

X “ P2 and P1 ˆ P1, and then applying toric techniques.

Amin Gholampour Introduction to Donaldson and Seiberg-Witten invariants



Outline
Donaldson theory

Seiberg-Witten theory
Wall-crossing in Donaldson theory

Recap
Nekrasov partition function
Nekrasov conjecture
Hilbert scheme of points
Wall-crossing terms
Toric surfaces
Modular forms
Generalization to non-toric surfaces

§ For n ě 0 let X rns denote the Hilbert scheme of n points on X . (0-dimensional

subschemes Z Ă X such that lenpZ q “ n).

§ X rns is a 2n-dimensional nonsingular variety, and

TX rns,Z – HompIZ ,OZq – Ext1pOZ ,OZq.
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§ Notation. Let b1, . . . , bs be a homogeneous basis of H˚pX q. For ρ ě 1, let

τ ρ1 , . . . , τ
ρ
s be indeterminates, put αρ :“

řs
k“1 q

ρ
kbkτ

ρ
k with qρk P Q and define

a generating series for Donaldson invariants

DH
c1
pexpp

ÿ

ρě1

αρqq :“
ÿ

dě0

Λd

ż

MHpc1,dq

expp
ÿ

ρě1

µρpαρqq,

where µρp´q :“ p´1qρ chρ`1pEq{´ P H2ρ`2´˚pMHpc1, dqq.

§ For a type c1 class 0 ‰ ξ P H2pX ,Zq the wall W ξ is called good if there is an

ample divisor in W ξ, and D ` KX is not effective for any divisor D with

W D “ W ξ.

§ Notation. X2 :“ X
š

X and X
rls
2 “

š

n`m“l X
rns ˆ X rms.

§ Suppose ξ is good. There are vector bundles Aξ,˘ on X
rls
2 with fibers

Aξ,´|pIZ1
,IZ2

q :“ Ext1pIZ2, IZ1pξqq, Aξ,`|pIZ1
,IZ2

q :“ Ext1pIZ1, IZ2p´ξqq.

§ Wall-crossing terms.

δξ,tpexpp
ÿ

ρě1

αρqq :“
ÿ

lě0

Λ4l´ξ2´3χpOX q

¨

ż

X
rls
2

exp
`
ř

ρě1p´1qρ
“

chpI1qe
ξ´t

2 ` chpI2qe
t´ξ

2
‰

ρ`1
{αρ

˘

c´tpAξ,´qc tpAξ,`q

P Λ´ξ
2´3χpOX qQrt, t´1srrΛ, pτ ρk qss,

where Ii are the pullbacks of the universal ideal sheaves to X ˆ X
rns
2 , and

1

c tpE q
:“

1

t r
1

řr
i“1 cipE q

1
t i

H˚p´qrrt´1ss for any rank r vector bundle E .
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τ ρ1 , . . . , τ
ρ
s be indeterminates, put αρ :“

řs
k“1 q

ρ
kbkτ

ρ
k with qρk P Q and define

a generating series for Donaldson invariants

DH
c1
pexpp

ÿ

ρě1

αρqq :“
ÿ

dě0

Λd

ż

MHpc1,dq

expp
ÿ

ρě1

µρpαρqq,

where µρp´q :“ p´1qρ chρ`1pEq{´ P H2ρ`2´˚pMHpc1, dqq.

§ For a type c1 class 0 ‰ ξ P H2pX ,Zq the wall W ξ is called good if there is an

ample divisor in W ξ, and D ` KX is not effective for any divisor D with

W D “ W ξ.

§ Notation. X2 :“ X
š

X and X
rls
2 “

š

n`m“l X
rns ˆ X rms.

§ Suppose ξ is good. There are vector bundles Aξ,˘ on X
rls
2 with fibers

Aξ,´|pIZ1
,IZ2

q :“ Ext1pIZ2, IZ1pξqq, Aξ,`|pIZ1
,IZ2

q :“ Ext1pIZ1, IZ2p´ξqq.

§ Wall-crossing terms.

δξ,tpexpp
ÿ

ρě1

αρqq :“
ÿ

lě0

Λ4l´ξ2´3χpOX q

¨

ż

X
rls
2

exp
`
ř

ρě1p´1qρ
“

chpI1qe
ξ´t

2 ` chpI2qe
t´ξ

2
‰

ρ`1
{αρ

˘

c´tpAξ,´qc tpAξ,`q

P Λ´ξ
2´3χpOX qQrt, t´1srrΛ, pτ ρk qss,

where Ii are the pullbacks of the universal ideal sheaves to X ˆ X
rns
2 , and

1

c tpE q
:“

1

t r
1

řr
i“1 cipE q

1
t i

H˚p´qrrt´1ss for any rank r vector bundle E .

Amin Gholampour Introduction to Donaldson and Seiberg-Witten invariants



Outline
Donaldson theory

Seiberg-Witten theory
Wall-crossing in Donaldson theory

Recap
Nekrasov partition function
Nekrasov conjecture
Hilbert scheme of points
Wall-crossing terms
Toric surfaces
Modular forms
Generalization to non-toric surfaces

§ Notation. Let b1, . . . , bs be a homogeneous basis of H˚pX q. For ρ ě 1, let

τ ρ1 , . . . , τ
ρ
s be indeterminates, put αρ :“

řs
k“1 q

ρ
kbkτ

ρ
k with qρk P Q and define

a generating series for Donaldson invariants

DH
c1
pexpp

ÿ

ρě1

αρqq :“
ÿ

dě0

Λd

ż

MHpc1,dq

expp
ÿ

ρě1

µρpαρqq,

where µρp´q :“ p´1qρ chρ`1pEq{´ P H2ρ`2´˚pMHpc1, dqq.

§ For a type c1 class 0 ‰ ξ P H2pX ,Zq the wall W ξ is called good if there is an

ample divisor in W ξ, and D ` KX is not effective for any divisor D with

W D “ W ξ.

§ Notation. X2 :“ X
š

X and X
rls
2 “

š

n`m“l X
rns ˆ X rms.

§ Suppose ξ is good. There are vector bundles Aξ,˘ on X
rls
2 with fibers

Aξ,´|pIZ1
,IZ2

q :“ Ext1pIZ2, IZ1pξqq, Aξ,`|pIZ1
,IZ2

q :“ Ext1pIZ1, IZ2p´ξqq.

§ Wall-crossing terms.

δξ,tpexpp
ÿ

ρě1

αρqq :“
ÿ

lě0

Λ4l´ξ2´3χpOX q

¨

ż

X
rls
2

exp
`
ř

ρě1p´1qρ
“

chpI1qe
ξ´t

2 ` chpI2qe
t´ξ

2
‰

ρ`1
{αρ

˘

c´tpAξ,´qc tpAξ,`q

P Λ´ξ
2´3χpOX qQrt, t´1srrΛ, pτ ρk qss,

where Ii are the pullbacks of the universal ideal sheaves to X ˆ X
rns
2 , and

1

c tpE q
:“

1

t r
1

řr
i“1 cipE q

1
t i

H˚p´qrrt´1ss for any rank r vector bundle E .

Amin Gholampour Introduction to Donaldson and Seiberg-Witten invariants



Outline
Donaldson theory

Seiberg-Witten theory
Wall-crossing in Donaldson theory

Recap
Nekrasov partition function
Nekrasov conjecture
Hilbert scheme of points
Wall-crossing terms
Toric surfaces
Modular forms
Generalization to non-toric surfaces

§ Taking the coefficient of t´1

δξpexpp
ÿ

ρě1

αρqq :“
“

δξ,tpexpp
ÿ

ρě1

αρqq
‰

t´1 P QrrΛ, pτ ρk qss.

§ Theorem 1 (Göttsche-Yoshioka-Nakajima) Suppose X is simply

connected and pgpX q “ 0. Let H´,H` be ample divisors on X , which do not

lie on a wall of type pc1, dq for any d ě 0. Let B` be the set of all classes ξ of

type c1 with ξ ¨H` ą 0 ą ξ ¨H´. Assume that all classes in B` are good. Then

DH`
c1
pexpp

ÿ

ρě1

αρqq ´ DH´
c1
pexpp

ÿ

ρě1

αρqq “
ÿ

ξPB`

δξpexpp
ÿ

ρě1

αρqq.

§ Remark. This formula is shown to be compatible with Fintushel-Stern’s

blowup formula and so it suffices to be proven after blowing up X at

sufficiently many points. Hence one may assume MH˘pc1, dq is of expected

dimension without loss of generality. The key idea of the proof is that passing

the wall W ξ the moduli space changes by replacing certain sheaves lying in

extensions of ideal sheaves of zero-dimensional schemes twisted by line bundles

by extensions the other way round:

0 Ñ IZ1pξq Ñ E Ñ IZ2 Ñ 0, 0 Ñ IZ2p´ξq Ñ E 1 Ñ IZ1 Ñ 0.

§ Mochizuki proves the same result for general walls using virtual fundamental

classes and virtual localization. When ξ is not good Aξ,˘ are not necessarily

vector bundles and are replaced by the corresponding classes in K-theory.
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§ Suppose that Y is a smooth projective toric surface e.g. Y “ P2. This means

that Y contains Γ “ C˚2 as an open subset and the action of Γ extends to Y .

There are finitely many fixed points p1, . . . , pχ, where χ is the Euler number of

Y . Let wpxiq,wpyiq be the weights of the Γ-action on TY ,pi .

§ One may define equivariant Donaldson invariants of Y for the equivariant lifts

of (co)homology classes by means of the moduli space of equivariant

semistable sheaves. Denote the generating series and wall-crossing terms by
rDH
c1
p´q and rδξ,tp´q, respectively. They specialize to DH

c1
p´q and δξ,tp´q by

setting s1 “ 0 “ s2.

§ The same proof shows that Theorem 1 remains true for rDH
c1
p´q and rδξp´q and

rB`, where rB` consists of one equivariant lift of ξ for each class of type c1 with

ξ ¨ H` ą 0 ą ξ ¨ H´.

§ Theorem 2 (Göttsche-Yoshioka-Nakajima) For Y toric

rδξ,tpexpp
ÿ

ρě1

αρqq “

1

Λ
exp

`

χ
ÿ

i“1

F pwpxiq,wpyiq,
t ´ ξ|pi

2
,Λ, pp´1qραρ|piqρq

˘

as elements of the ring Λ´ξ
2´3Qrs1, s2sppt´1qqrrΛ, pτ ρk qss.
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§ For τ P H let q :“ e2πiτ and define the theta functions

θ00pτq :“
ÿ

nPZ
qn

2{2, θ01pτq :“
ÿ

nPZ
p´1qnqn

2{2, θ10pτq :“
ÿ

nPZ
qpn`1q

2{8.

§ Normalized Eisenstein series of weight 2: E2pτq :“ 1´ 24
ř

nPZ σ1pnqq
n.

Define T :“
1

24
p
du

da
q
2E2 ´

u

6
.

§ Going back to the u-plane, the period of Cu is given by τ “
´1

2πi

B2F0

pBaq2
and

q “ expp´
B2F0

pBaq2
q. Then it can be shown

u “
θ400 ` θ

4
10

θ200θ
2
10

Λ2,
du

da
“

2i

θ00θ10
Λ, a “

2E2 ` θ
4
00 ` θ

4
10

3θ00θ10
Λ.

§ Theorem 3 (Göttsche-Yoshioka-Nakajima) Let ξ be a good class and Y

be toric.

δξpexppαz ` pxqq “ i ξ¨KY´1
“

∆
‰

q0,

where α P H2pX ,Zq and p P H0pX ,Zq is the class of a point and

∆ :“ q´ξ
2{8 exp

`du

da

@

α, ξ{2
D

z ` Tα2z2 ´ ux
˘` i

Λ

du

da

˘3
θ
K2
Y

01 .

This result is proven by the localization formula using Theorem 2 and

Nekrasov’s conjecture.
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Define T :“
1

24
p
du

da
q
2E2 ´

u

6
.

§ Going back to the u-plane, the period of Cu is given by τ “
´1

2πi

B2F0

pBaq2
and

q “ expp´
B2F0

pBaq2
q. Then it can be shown

u “
θ400 ` θ

4
10

θ200θ
2
10

Λ2,
du

da
“

2i

θ00θ10
Λ, a “

2E2 ` θ
4
00 ` θ

4
10

3θ00θ10
Λ.

§ Theorem 3 (Göttsche-Yoshioka-Nakajima) Let ξ be a good class and Y

be toric.

δξpexppαz ` pxqq “ i ξ¨KY´1
“

∆
‰

q0,

where α P H2pX ,Zq and p P H0pX ,Zq is the class of a point and

∆ :“ q´ξ
2{8 exp

`du

da

@

α, ξ{2
D

z ` Tα2z2 ´ ux
˘` i

Λ

du

da

˘3
θ
K2
Y

01 .

This result is proven by the localization formula using Theorem 2 and

Nekrasov’s conjecture.
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§ Theorem 4 (Göttsche-Yoshioka-Nakajima) There exists universal power

series A1, . . . ,A8 P Qppt´1qqrrΛss such that for all smooth projective surfaces

X and ξ P PicpX q

p´1qχpOX q`ξpξ´KX q{2t´ξ
2´2χpOX qΛξ

2`3χpOX qδξ,tpexppαz ` pxqq

“ exp
`

ξ2A1 ` ξ ¨ c1pX qA2 ` c1pX q
2A3 ` c2pX qA4 ` α ¨ ξA5z

` α ¨ c1pX qA6z ` α
2A7z

2
` xA8

˘

.

The proof uses an induction scheme technique similar to that of

Ellingsrud-Göttsche-Lehn.

§ Theorem 5 (Göttsche-Yoshioka-Nakajima) For any smooth projective

surfaces X and any ξ P PicpX q

δξ,tpexppαz ` pxqq “

i ξ¨KX
` q´ξ

2{8

ΛχpOX q
exp

`du

da

@

α, ξ{2
D

z ` Tα2z2 ´ ux
˘` i

Λ

du

da

˘2χpOX qθ
σpX q
01

˘

.

§ This also establishes Kotschick-Morgan conjecture for smooth projective

surfaces.

§ Sketch of proof of Theorem 5: Substituting t “ 2a, we can rewrite Theorem 4

in terms of q. For any triple pX , ξ, βq there exists

~vpX , ξ, βq “ pv1, . . . , v8q P Q8 such that

δξ,tpβq “
i ξ¨KXq´ξ

2{8

ΛχpOX q

` i

Λ

du

da

˘2χpOX q
˘

exp
`

8
ÿ

i“1

viBi

˘

for some universal power series Bi P Cppq´1{8qqrrΛss.
~vpX , ξ, βq with X a toric surface and ξ a good class generate Q8 as a vector

space, and so Bi are determined by their values for toric surfaces and good

classes.
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